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Derivation of Equation |

Introduction

Equation 1 was derived in brief in Vitarelli2011.1 A similar derivation appeared in Keiser19762, which treated

capacitive pores that are closed on one end.
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Above we show three circuits that can be written to convey the recursive relationship between the differential part,

dZ and the impedance Z. Circuit 1 appeared in Vitarelli2011 1 This paper used Circuit 2. Circuit 3 is a more literal

interpretation of the nanopore. Circuit 2 was used as an approximation of Circuit 3. We will now show that these
three circuits give the same differential equation, Eq. 1, which forms the basis of the solution of the new equiva-
lent circuit element, Z, , which can be adapted for variable topology of the nanopore.

Equivalency of differential circuits

Circuit |
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Adding the discrete elements according to circuit rules gives:

1

AZ +Z=AR + =AxR'(x) +

1 1 . y
AC+Z Z(x)+quwC(x)
Converting to a power series in Ax
AZ + Z(x) = Z(x) + Ax (R'(x) - i @ Z(x)* C'(x)) + O(AX?)
retaining only linear terms.

AZ + Z(x) = Z(x) + Ax (R’ (x) — i @ Z(x)* C'(x))

AZ
— =R Kx)-iwZ(x)?Cx)
Ax

taking the limit as A —» d

Z/x)=R'(x)—iwZ(x)?C' )
Gives Eq. 1.

Z@® +iwZx)’Cx)-Rx)=0

Circuit 2

Adding the discrete elements according to circuit rules gives:

1 1
A +Z7Z= =

1 1
AC +
AR+Z AX R’ (x)+Z

+iAxw C'(x)

Converting to a power series in Ax
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AZ + Z(x) = Z(x) + Ax (R’ (x) — i @ Z(x)? C' (x)) + O(AX?)
retaining only linear terms.

AZ + Z(x) = Z(x) + Ax (R’ (x) — i @ Z(x)* C'(x))
rearranging

AZ

— =R ®)-iwZ(x)?*C )
AX

taking the limit as A — d

Z@® =R () -iwZx)?C )
Gives Eq. 1.

Z@) +iwZx)*C @ -Rx)=0

Circuit 3

Adding the discrete elements according to circuit rules gives:

1 1
AZ+7Z= ﬁ:AxR'(x)+

1

;+ARsurf AR+Z AXR'(0)+Z AxRoo’(x)- A v "
AC xwC'(x)

Converting to a power series in Ax
AZ + Z(x) = Z(x) + Ax (R'(x) — i @ Z(x)* C'(x)) + O(AX?)
retaining only linear terms.

AZ + Z(x) = Z(x) + Ax (R’ (x) — i @ Z(x)* C'(x))

AZ
— =R -iwZx)?C
Ax

taking the limit as A —» d

Z@® =R () -iwZx)?C )
Gives Eq. 1.

Z@)+iwZx)?C @ -Rx) =0

Comments
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All three circuits produce the same differential equation defining Z. Thus, in these three cases, the connectivity of
the AR and AC circuit components becomes irrelevant when the infinitessimal elements are evaluated in the
continuous limit. What matters is the variability of the infinitessimal elements with the position, X, in the
nanopore. Therefore Eq. 1 is to be solved.

Z@® +iwZx)?Cx)-Rx)=0

Solution to Eq. | for constant radius (cylindrical pore).

Eq. |
Z@)+iwZ@x)*Cx)-Rx) =0

Differential R, C

R (x)= (Kc T r(x)z)_1 = (Kc xr )_1
Cx)=C.2nr(x) =C.2nry

Constants defined to simplify notation

L L*C.
and T=
K. T r% 2ry K,

R =

Substitute simplified versions of differential capacitance and resistance

r
R'(x)== —
L
T
C'(x)== —
LR
The constant radius version of Eq. 1 can be written as:
itwZ(x)* R
— ——+7Z'(x)=0
LR L

Or in a slightly simpler form:

LRZ(x)+itwZ(x)*-R* =0
Eq. 1 has a single arbitrary constant to be determined from the boundary condition Z[0]. A general solution to Eq.
lis

Z(x) = Rtanh(‘/ ito x| L +tanh'1(‘/ itw Zo /R)) / Vito

with ZO0 representing the boundary condition impedance. When Z, approaches ++V Foo the tan~'term approaches

TL% this has the effect of converting Tanh to Coth giving

Z(x) = Reoth(Vitw x/ £) / Vit

This solution is consistent with a pore that is closed on one end. As Zy — 0 the solution is consistent with an open
pore. The tanh~! term approaches zero giving
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Z(x) = Rtanh( Vitw x/.E)/ Vitw

Substitute x—L

Z(L)=R tanh(\/g)/ iTw

Recursion formula approach to solving the network equivalent circuit.

The recursion approach uses the same network circuit, but solves the circuit through a different formalism. We
will still consider the total impedance to be the circuit rules addition of a network of N pairs of resistors and

capacitors. We obtain a recursion relationship for the kelement.

1
Zi =R+

+iw(C
Zi1 k

subject to the initialization condition Z, which is equivalent to the boundary condition for the differential equation

approach. The discrete elements Riand C;, are the position-dependent resistances and capacitances with x =k ﬁ
Re=R&LIN)LIN
CG=CkL/N)LIN

Where R'(x) and C' (x) are the differential capacitances as defined for Eq. 1. For the constant radius nanopore
(cylindrical geometry) the discrete elements R and C; become:

R.=L /(N7rr02 KC) = Rcyl/N

Ci=2rrLC N = Ccyl/N = Tcyl/(NRcyl)

where

Reyt = L[ (1o’ k) Cep =2719 LECc Tey = Coyt Reyt =2 L2C./ (ro ko)

yielding the following continued fraction recursion relationship for a constant radius nanopore:

Rcyl 1
Zr= + ,
1 LW Tey)
Zia Rey N

For a constant radius the finite continued fraction with Zy == 0 and N terms has solution.

N -1))7!
Tey1 W — 2i N? + \/Tcylw(‘rcylw— 4L7N2)
-1
)

‘rcylw—ZiNz—\/Tcylw(‘rcylw—4iN2

ZIN)=2iN Ry Tcylw—\/Tcylw(rcylw—4iN2) 1+2

Taking the limit as N—oo yields

Z(w) = Ry tanh(\/ iTey @ ) / \/ i Tey @
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Sequences used

haSyn MDVFMKGLSKAKEGVVAAAEKTKQGVAEAAGKTKEGVLYVGSKTKEGVVHGVATVAEKTK
masSyn MDVFMKGLSKAKEGVVAAAEKTKQGVAEAAGKTKEGVLYVGSKTKEGVVHGVTTVAEKTK
hbSyn MDVFM-GLSMAKEGVVAAAEKTKQGVTEAAEKTKEGVLYVGSKTREGVVQGVASVAEKTK

khkhkdk dhkhk FAAAAAAAAAAAA A A shdd I dddddddkghdhdrhghhgshddddd

haSyn EQVTNVGGAVVTGVTAVAQKTVEGAGSIAAATGFVKKDQLGKNEEG—~~~~ APQEGILED

masSyn EQVTNVGGAVVTGVTAVAQKTVEGAGNIAAATGFVKKDOMGKGEEG———~~ YPQEGILED

hbSyn EQASHLGGAVFSG-=========m AGNIAAATGLVKREEFPTDLKPEEVAQEAAEEPLIE
Wk g skkhk gk hk kkkkkkskkgsss . 3 * ok 3

haSyn MPVDPDNEAYEMPSEEGYQDYEPEA

masSyn MPVDPGSEAYEMPSEEGYQDYEPEA

hbSyn PLMEPEGESYEDPPQEEYQEYEPEA

s % kekk * ok KhkshkhkhkhkR

Sequences and sequence alignments for human and mouse @-synuclein and human S-synuclein as used to illustrate
sequence sensitivity of nanopore EIS to sequence: haSyn = human a-synuclein, maSyn = mouse @-synuclein,
hbSyn = human S-synuclein.
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